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We report current-direction dependent or unidirectional magnetoresistance
(UMR) in magnetic/nonmagnetic topological insulator (TI) heterostructures,
Crx(Bi1−ySby)2−xTe3/(Bi1−ySby)2Te3, that is several orders of magnitude larger than in
other reported systems. From the magnetic field and temperature dependence, the UMR is
identified to originate from the asymmetric scattering of electrons by magnons. In particular, the
large magnitude of UMR is an outcome of spin-momentum locking and a small Fermi wavenumber
at the surface of TI. In fact, the UMR is maximized around the Dirac point with the minimal
Fermi wavenumber.
PACS numbers: 72.10.Di, 72.25.-b, 75.47.-m, 75.76.+j
Transfer and conservation of angular momentum is at
the heart of spintronics [1–5]; spin transfer torque works
to convert spin-polarized current to and from magnons,
thus enabling the electrical control of magnetism. For ex-
ample, current induced magnetization reversal and spin
torque ferromagnetic resonance through spin injection
have been realized in various heterostructures based on
heavy metal element (with large spin-orbit coupling) and
ferromagnet, such as Pt/Py, Ta/CoFeB and Pt/Co [2–5].
Recently, it has been reported that unidirectional mag-
netoresistance (UMR) emerges in such heterostructures
under in-plane magnetization [6–8]; the resistance value
is different depending on the sign of the outer product of
current J and magnetization M vectors. There, the spin
accumulation direction, either parallel or anti-parallel
with M , at the interface by spin Hall effect has been pro-
posed to be a major origin of UMR [6–8], in analogy to
the giant magnetoresistance (GMR) effect [9, 10], which
depends on the relationship of magnetizations, parallel
or antiparallel, in stacked ferromagnetic metal layers. In
a broader context, the UMR is expected to be further en-
hanced in topological insulator (TI) with large spin Hall
angle [11–14] via spin-momentum locking (Fig. 1(a)), be-
cause the spin polarization at the surface would govern
the amplitude of this effect.
In this study, we investigate the UMR of TI het-
erostructures [12, 15, 16] composed of nonmagnetic
TI (Bi1−ySby)2Te3 (BST) [17, 18] and magnetic TI
Crx(Bi1−ySby)2−xTe3 (CBST) [19] on insulating InP
substrate. By tuning the composition y, we could con-
trol the Fermi energy EF of the surface state inside the
bulk band gap, which is confirmed by the Hall effect
measurement [15–18]. Here, the main players of con-
duction are top and bottom surfaces with single Dirac
cones around the Γ point [15, 16, 20, 21]. In addition, in
the heterostructure, only one surface involved in the Cr-
doped layer effectively interacts with magnetism [15, 16].
Thus, in terms of the symmetry consideration of spin-
momentum locking (Fig. 1(a)), we can expect that mag-
netoresistance depends on the relative configuration be-
tween surface electron spin and M directions; parallel
(Fig. 1(b)) or antiparallel (Fig. 1(c)).
Thin films of TI heterostructures were grown
with molecular beam epitaxy in the same pro-
cedures as described in Refs. [15] and [16].
The nominal compositions of TI heterostructure
Crx(Bi1−ySby)2−xTe3/(Bi1−ySby)2Te3 are x ∼ 0.2 and
y ∼ 0.86. Using photolithography and Ar ion milling,
thin films were patterned into the shape of Hall bar, 10
µm in width and 36 µm in length. After that, the elec-
trodes Au (45 nm)/Ti (5 nm) were formed by electron
beam deposition [22]. The transport measurements were
performed mainly at 2 K in Physical Property Measure-
ment System (Quantum Design) using dc current source
and a voltmeter.
Figure 1(e) shows the measured magnetoresistance of
the heterostructure CBST (3 nm)/BST (5 nm) (Fig.
1(d)). First, we notice that resistance decreases with
increasing in-plane magnetic field B. Because of the out-
of-plane anisotropy of M in CBST, M initially points
along the z-direction forming the exchange gap in sur-
face Dirac state. As magnetic field is applied up to 0.7
T, the magnetization direction gradually changes to the
in-plane so that the eventual gap closing of the Dirac sur-
face state causes negative magnetoresistance [22]. Also,
we note that the resistance measured under +1 µA (red)
and −1 µA (blue) at 2 K show a noticeable deviation as
shown in Fig. 1(e); the difference ∆Rxx between the two
current directions is plotted in Fig. 1(f). Here, ∆Rxx
is anti-symmetrized as a function of B and M . ∆Rxx
is initially almost zero at 0 T where M is pointing out-
of-plane, and then increases as the field increases up to
0.7 T. At higher magnetic field above 0.7 T, ∆Rxx be-
comes almost constant, whose sign is reversed in accor-
dance with M reversal in CBST. Furthermore, ∆Rxx is
also reversed in sign, as shown in Figs. 1(h) and 1(i),
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FIG. 1. (color online) (a) Schematic diagram of spin-momentum locking of surface Dirac state in TI. (b), (c) Schematic illus-
tration of the concept for UMR in TI heterostructures Crx(Bi1−ySby)2−xTe3/(Bi1−ySby)2Te3 (CBST/BST) on InP substrate
under +J (b) and −J (c) dc current. Here, magnetic field, magnetization and dc current are along the in-plane direction,
where dc current is applied perpendicular to the magnetization direction. (d) Schematic illustration of a “normal” CBST/BST
heterostructure. (e) Magnetic field dependence of resistance Rxx for the sample depicted in (d) measured under J = +1 µA
(red) and J = −1 µA (blue) at 2 K. (f), Difference of the resistance ∆Rxx of plus and minus current shown in (e). (g)-(i)
The same as (d)-(f) for the “inverted” BST/CBST heterostructure. (j) ∆Rxx measured under various current for the normal
CBST/BST heterostructure. (k) Current J dependence of ∆Rxx at 2 K under B = 0.7 T for the normal CBST/BST. The
black dotted line shows a slope in the low-J region.
for the inverted heterostructure BST (3 nm)/CBST (5
nm) (Fig. 1(g)), while showing the similar absolute mag-
nitude of UMR. This is most likely because the manner
of the spin-momentum locking is opposite between the
top and bottom surfaces as depicted in Figs. 1(d) and
1(g). This leads to the cancellation of UMR in the case
of the single-layer CBST film [22]. Figures 1(j) and 1(k)
show the current amplitude dependence of UMR. While
∆Rxx shows a negligibly small difference with current
amplitude of 0.1 µA, it is progressively enhanced with
increasing current. The current J dependence of ∆Rxx
at 0.7 T is summarized in Fig. 1(k), which shows a lin-
ear relationship in a low current region, typically J < 0.5
µA. Therefore, the relationship between electric field Ex
and current density jx should be expressed in a nonlinear
form in such a low current region,
Ex = Rxxjx +R
(2)
xx j
2
x . (1)
Here, ∆Rxx = 2R
(2)
xx jx is linearly proportional to current
density. The derivation from the linear relationship in
Fig. 1(k) at high current (> 0.5 µA) is attributed to
heating effect by fairly large current excitation, up to ∆T
= 2.3 K at J = 3 µA as estimated from the change of Rxx
[22]. Hereafter, we applied ±1 µA for the measurements
to get enough S/N ratio but to make the heating effect
as small as possible.
In Table I, we compare the magnitude of UMR in
the present device with those of previously reported het-
erostructures [6–8]. Since it is linear in current, we adopt
the quantity (∆Rxx/Rxx)/j as a measure of UMR for a
fair comparison. In the TI heterostructure, we define the
current density by considering each surface conduction
thickness of ∼ 1 nm [24] (see also the legend of Table
1). Even though the current density is much smaller
than other systems, ∆Rxx/Rxx is comparable or larger.
Therefore, the amplitude of (∆Rxx/Rxx)/j is quite large,
102 − 106 times larger than other bilayer systems, e.g.
GaMnAs heterstructure or Pt/Co [6–8].
To elucidate a possible origin of such a large UMR, we
investigated angular dependence of the signal. Figures
2(b) and 2(c) show the in-plane magnetic-field directional
dependence of normalized ∆Rxx and My (∝ cosϕ); here
definition of azimuth angle ϕ is shown in Fig. 2(a). The
|∆Rxx| is largest at B||y-axis (ϕ = 0
◦, 180◦ and 360◦),
scaling well with the cosϕ dependence of My. Figures
2(e) and 2(f) show the out-of-plane magnetic-field direc-
tional dependence of normalized ∆Rxx (see Fig. 2(d)).
Here, My and Mz are estimated from the variation of
anomalous Hall effect. In accord with the in-plane case,
the |∆Rxx| is largest at B||y-axis (θ = −90
◦, 90◦). It
3TABLE I. Comparison of UMR magnitude for various heterostructures. Note that the values marked with asterisk ∗ for
CBST/BST are calculated with assuming the thickness of conductive region ∼ 2 nm of top and bottom surface states [24].
Even if the total thickness of the whole film (∼ 8 nm) were taken, the values would be changed only by a factor of four.
Material j (A/cm2) Rxx (Ω) ∆Rxx (Ω) ∆Rxx/Rxx (%) ∆Rxx/Rxx/j (arb.units)
Ta/Co [7] 107 574 0.011 0.0019 1.3
Pt/Co [7] 107 176 0.0025 0.0014 1
GaMnAs heterostructure [6] 7.5× 105 1720 2 0.12 1.1× 103
CBST/BST (this study) 5.0× 103 ∗ 14000 57 0.41 5.7× 105 ∗
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FIG. 2. (color online) (a) Schematic sample configuration
for the measurement of in-plane magnetic field ϕ dependence
of ∆Rxx. ϕ is measured from y-axis. (b), (c) Magnetic
field and ϕ dependence (by 30◦ step) of normalized ∆Rxx,
∆Rxx/∆R
0
xx. Here, ∆R
0
xx is ∆Rxx at ϕ = 0
◦ and 1.0 T. (d)-
(f) The same as (a)-(c) for the out-of-plane magnetic field θ
dependence. θ is measured from z-axis. Here, ∆R0xx is ∆Rxx
at θ = 90◦ and 1.0 T.
is noticeable, however, that the ∆Rxx does not simply
scale with My. This is perhaps because the finite Mz
component makes the Dirac dispersion massive, which
effectively weakens the spin-momentum locking [25]. To
summarize, UMR emerges only when My component is
finite.
One possible origin of such nonlinear magnetoresis-
tance might be an additional voltage caused by heat
gradient along z-direction such as anomalous Nernst
effect and spin Seebeck effect [26–28]. In both pro-
cesses, induced voltage would be expressed as Vthermal ∝
M × (∇T )z [26–28], so that finite My component might
cause an additional voltage along the x-direction. How-
ever, we can safely exclude this possibility since the ad-
ditional voltage should exhibit the same sign for the
both heterostructures of CBST/BST/InP (Fig. 1(d))
and BST/CBST/InP (Fig. 1(g)) when InP works as a
heat bath; this is inconsistent with the experimentally ob-
served opposite sign shown in Figs. 1(f) and 1(i). There-
fore, the origin of UMR should be explored in intrinsic
scattering mechanisms related to electron spins. To clar-
ify the microscopic origin, we studied the temperature de-
pendence under higher magnetic field (Fig. 3(a)). UMR
at low magnetic field decreases with increasing temper-
atures until it almost vanishes at around Curie temper-
ature TC ∼ 24 K [22], confirming its close relevance to
the ferromagnetic magnetization. This is also evident
from the absence of UMR within the present experimen-
tal error in the single-layer BST film [22]. On the other
hand, UMR is strongly suppressed at high magnetic field,
meaning that it does not simply scale with My. This in-
dicates that the UMR in TI cannot be explained in terms
of the GMR mechanism that was proposed for the case of
ferromagnet/normal metal bilayers [6–8]. Rather, such a
field induced suppression of |∆Rxx| is reminiscent of the
cases of Spin Seebeck effect [27, 28] and magnon Hall ef-
fect [29], in which the magnon population and hence the
signal magnitude are suppressed by gap opening of spin
wave (magnon) at higher field. This leads us to consider
the scattering of surface Dirac electrons by magnons as
a microscopic origin of UMR.
With spin-momentum locking, conservation of angular
momentum leads to the one-way scattering by magnon:
Taking the quantization direction along M ||y-axis, the
angular momentum of magnon is +1 (note that spin an-
gular momentum points opposite to M). Thus, as shown
in Fig. 3(b), when electron with sy = −1/2 spin (left
branch) is back-scattered to sy = 1/2 (right branch),
the electron absorbs magnon because of the conservation
of angular momentum. On the other hand, when it goes
from sy = 1/2 to sy = −1/2, it emits magnon as a reverse
process. Phenomena related to such a transfer of angular
momentum between electron spin and magnetization has
been widely recognized in the field of spintronics [1]; for
example, spin Seebeck effect [26–28], spin Peltier effect
[30], spin pumping [31, 32] and spin torque ferromagnetic
resonance [2, 3, 13, 14]. In such a scattering process by
magnon, we can derive the formula of UMR by Boltz-
mann transport equation with the relaxation time ap-
proximation [33] as follows (see Supplemental Material
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FIG. 3. (color online) (a) Magnetic field dependence of ∆Rxx
at various temperatures. (b) Schematic concepts of asym-
metric scattering of spin-polarized surface Dirac electron by
magnon. (c) Temperature dependence of ∆Rxx under various
magnetic fields. (d) Numerical calculation results of temper-
ature dependent ∆Rxx under various magnetic fields.
[22]);
∆Rxx ∝ jx
∫
kx
(
−
1
τ+
+
1
τ−
)(
∂2f
∂E2
)
, (2)
1
τ+
∝
1
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(
1−
1
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)
, (3)
1
τ−
∝
(
1
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1
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)
.
(4)
Here, f is the Fermi distribution function and ~ω is the
magnon energy with wavenumber ∼ 2kF (kF : Fermi
wavenumber). τ+ (τ−) is relaxation time of magnon
scattering from left(right) branch to right (left) one. The
first factors of equations (3) and (4) are the probability
of magnon absorption and emission, respectively, and the
second ones are the probability that the final state of elec-
tron is unoccupied. Since 1/τ+ and 1/τ− are not equal
in general, equation (2) gives finite UMR in TI. Note
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FIG. 4. (color online) (a), (b) Gate voltage VG dependence of
Hall resistance (Ryx) and longitudinal resistance (Rxx) under
magnetic field B(||z) of 0.01 T and 14 T at 2 K. (c), (d)
Magnetic field and VG dependence of ∆Rxx. The ∆Rxx is
taken at B(||y)= 0.7 T.
that equation (2) is derived for the one-dimensional (1D)
Dirac dispersion but this can be readily extended to the
actual 2D case without essential change of the scheme
[22].
Figures 3(c) and 3(d) display the comparison of exper-
imental results of the temperature and magnetic-field de-
pendence of UMR with the calculated ones based on the
above model assuming the magnon energy of gµBB [34]
with g ∼ 2 for the localized Cr moment in CBST. Both
results give qualitative consistency; the UMR monotoni-
cally increases with decreasing temperature at low mag-
netic field (1.1 T and 5.0 T), while the magnon gap as
large as ∼ 20 K opens at 13.9 T so that the UMR takes a
peak structure around the temperature comparable with
the magnon gap. Here, the deviation of numerical cal-
culation from experimental result above 10 K originates
from the breakdown of the adopted spin wave approxi-
mation [22] at temperatures close to TC ∼ 24 K. This
microscopic model helps us to understand why the UMR
in TI is so large: One reason is the spin-momentum lock-
ing inherent in TI. Unlike the Rashba interface with two
bands having opposite spin helicity, TI with single spin-
momentum locking can accumulate spin efficiently with-
out cancellation. Another factor is that TI with tuned
EF around the Dirac point can have a small Fermi mo-
mentum kF lower than ∼ 500 µm
−1 [17, 18]. There-
fore, magnons with small wavenumber and low energy
can dominantly contribute to electron scattering, which
is easily populated even at low temperatures.
Finally, we discuss the EF dependence of UMR in the
field-effect transistor of TI heterostructure. Here, AlOx
layer with a thickness of 30 nm was deposited as a top
gate dielectric. Figures 4(a) and 4(b) show the gate volt-
age VG dependence of Ryx and Rxx under B||z-axis at
0.01 T and 14 T. Anomalous Hall effect (Ryx measured at
0.01 T, shown by a black line in Fig. 4(a)) and Rxx (Fig.
54(b)) take maxima at around −4 V, indicating that EF of
the top surface state is tuned close to the Dirac point [15].
The VG dependence of UMR measured under B||y-axis
is summarized in Figs. 4(c) and 4(d). To exclude the VG
dependence of relaxation time (denoted as τ (0) in Supple-
mental Material), we plot ∆Rxx, not ∆Rxx/Rxx, in Fig.
4(d) [22]. First, the sign of ∆Rxx does not change with
VG, i.e. irrespective of EF position in hole (VG = −19 V)
and electron (VG = 0 V and 18 V) doping regions. This
can be understood by considering the scattering process
for the hole side in the same way as shown in Fig. 3(b)
for the electron side [22]. Moreover, the UMR is maxi-
mized at EF being close to the Dirac point (VG = −6 V).
As kF decreases with EF approaching the Dirac point,
the wavenumber and energy of magnon contributing to
the scattering process decrease so that related magnon
population increases. This, in combination with the de-
crease of kF, results in the maximum ∆Rxx and UMR
with EF around the Dirac point.
To summarize, we observed UMR in magnetic TI,
which is shown to be several orders of magnitude larger
than in other reported systems [6–8]. The origin of UMR
is identified to be the asymmetric scattering of electrons
by magnons. Improvement of theoretical calculation [22]
and understanding of the relationship with spin-orbit
torque remain as future issues [12–14].
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Supplemental Material for
Large Unidirectional Magnetoresistance in a Magnetic Topological Insulator
SUPPLEMENTAL MATERIAL S1 | DEVICE STRUCTURE
Figure S1 shows the top view of the device structure. The size of the Hall bar is 10 µm in width and 36 µm in
length, respectively.
20 μm
x
y
z
V
Fig. S1. top view of the device structure.
SUPPLEMENTAL MATERIAL S2 | MAGNETIC ANISOTROPY AND BAND STRUCTURE
Crx(Bi1−ySby)2−xTe3 shows a perpendicular magnetic anisotropy. Thus,M is pointing along z-direction at 0 T with
the coercive field of ∼ 0.1 T (Fig. S2(a)). On the other hand, M is directed to in-plane when the in-plane magnetic
field of ∼ 0.7 T is applied (Fig. S2(b)). Because of the coupling between electron spin and localized moment, the
Hamiltonian of surface electron is affected by the direction of magnetization M . The original Hamiltonian without
M is expressed as,
H = α(kyσx − kxσy), (S1)
as displayed in Fig. S2(c). With the out-of-plane M ||z, it turns to
H = α(kyσx − kxσy) +mσz , (S2)
so that the Dirac dispersion gets massive (Fig. S2(d)). On the other hand, with the in-plane M ||y, it turns to
H = αkyσx + (m− αkx)σy , (S3)
which shifts the gapless Dirac cone to the kx-direction (Fig. S2(e)).
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Fig. S2. (a) Magnetic field dependence of Hall resistance Ryx with B||out-of-plane. (b) Same as (a) with B||in-plane. Ryx is
almost zero at and above 0.7 T, meaning M ||in-plane. (c) Schematic diagram of the band structure without B and M . (d)
with B, M ||z-axis. (e) with B, M ||y-axis.
SUPPLEMENTAL MATERIAL S3 | ESTIMATION OF HEATING BY CURRENT INJECTION
Figure S3 shows the estimation of heating by current injection. The resistance is decreased by heating as we apply
larger current. By comparing with temperature dependence of R/R0 measured with minimal current (0.1 µA), the
sample temperature is estimated to increase from 2 K to 2.7 K when applying 1 µA. Also, with 3 µA, it increases
from 2 K to 4.3 K. For most measurements except for the current dependence, we applied ±1 µA to get enough S/N
ratio but to make the heating effect as small as possible. This heating effect, combined with the decrease of signal
at high temperature (top panel of Fig. 3(c) in the main text), results in the breakdown of the linear relationship
between ∆Rxx and J at a higher current region in Fig. 1(k) in the main text.
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Fig. S3. The current dependence (at T = 2 K) and temperature dependence (at J = 0.1 µA) of normalized resistance. The
measurements were done at 0.2 T with B||z-axis.
SUPPLEMENTAL MATERIAL S4 | ESTIMATION OF CURIE TEMPERATURE
In Fig. S4, we show the magnetic field dependence of Hall resistance. The anomalous Hall effect and the coercive
field decreases with the increase of temperature. From the temperature dependence of the anomalous Hall effect, we
can estimate the TC as ∼ 24 K.
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Fig. S4. Magnetic field B||z-axis dependence of Hall resistance Ryx at selected temperatures.
SUPPLEMENTAL MATERIAL S5 | STRUCTURE DEPENDENCE OF UMR
Figure R5 shows the structure dependence of UMR for CBST/BST, BST/CBST, single-layer CBST and single-
layer BST. Here, CBST/BST and BST/CBST are taken from Figs. 1(f) and 1(i) in the main text. In single-layer
CBST, ∆Rxx takes a small finite value. Here, although the overall shape of the magnetic field dependence is the
same as that in CBST/BST, the absolute value of the signal is about 10 times smaller. Since Cr is distributed over
the whole film in CBST, both the top and bottom surfaces would exhibit finite UMR with an opposite sign, leading
to the cancellation of the signal. Here, the observed smaller but finite signal probably originates from the difference
in those environments. As for single-layer BST, on the other hand, no UMR signal is observed within the range of
measurement error. This reconfirms the magnetic origin of UMR.
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Fig. S5. (a)-(d) Schematic sample configurations for structure dependent characterization of UMR signal; CBST/BST (a),
BST/CBST (b), CBST (c) and BST (d). The total thickness of each sample is fixed to 8 nm. (e)-(h) In-plane magnetic field
dependence of ∆Rxx at T = 2 K.
SUPPLEMENTAL MATERIAL S6 | DERIVATION OF NONLINEAR CONDUCTION
Here, we derive the expression for the nonlinear Boltzmann transport equation using relaxation time approximation.
When E is large enough, we need to discuss the nonlinear resistance beyond linear response J = σE.
First, we derive the relationship between J and E [S1]. We define the distribution function of electron as g(r,k, t) =
g(k). Here, we assume time-independent uniform electric field so that g is dependent only on k. When E = 0
(equilibrium), the distribution function is expressed by Fermi distribution function,
g0(k) = f(k) =
1
e(ǫ(k)−µ)/kBT + 1
. (S4)
We first consider the scattering of electron by impurity, phonon, electron-electron, magnon etc. In the relaxation time
approximation, the electron is assumed to relax to equilibrium within the typical timescale of τ as follows,(
dg(k)
dt
)
coll
= −
g(k)− g0(k)
τ(k)
. (S5)
3
Next, assuming equation (S5), we derive the nonlinear distribution function. Boltzmann equation is expressed as,
∂g
∂t
+ v ·
∂g
∂r
+ F ·
1
~
∂g
∂k
=
(
dg(k)
dt
)
coll
. (S6)
In the steady state under uniform electric field,
∂g
∂t
= 0,
∂g
∂r
= 0, F = −eE, (S7)
so that the equation (S6) is expressed as,
−
eE
~
·
∂g
∂k
= −
g − g0
τ
. (S8)
Namely,
g = f +
eEτ
~
·
∂g
∂k
. (S9)
In the following, we consider the case ofE = (Ex, 0, 0) for simplicity. The linear approximation leads to the well-known
relation [S1],
jx = σ
(1)
xxEx, (S10)
σ(1)xx = e
2
∫
dk
4π3
τ(k)vx(k)vx(k)
(
−
∂f
∂ǫ
)
. (S11)
Expanding the formula up to E2 term, i.e.,
g = f +
eEτ
~
∂
∂kx
(
f +
eEτ
~
∂f
∂kx
)
(S12)
= f +
eEτ
~
∂f
∂kx
+
(
eEτ
~
)2(
∂2f
∂kx
2
)
, (S13)
we obtain the non-linear conductivity,
jx = σ
(1)
xxEx + σ
(2)
xxE
2
x, (S14)
σ(2)xx = −
e3
~2
∫
dk
4π3
(τ(k))
2
vx(k)
(
∂2f
∂kx
2
)
. (S15)
In order to make comparison between the theory and the measured resistance, we discuss the relationship between
∆Rxx and σ
(2)
xx . To the first order approximation of equation (S14), we get
Vx =
A
l
Ex =
A
l
(
1
σ
(1)
xx
jx −
σ
(2)
xx
(σ
(1)
xx )3
j2x
)
. (S16)
Here, A and l is the cross-sectional area and length of the Hall bar, respectively. Thus, when we excite plus or minus
dc current, the measured resistance is,
R+xx =
1
l
(
1
σ
(1)
xx
−
σ
(2)
xx
(σ
(1)
xx )3
jx
)
, (S17)
R−xx =
1
l
(
1
σ
(1)
xx
+
σ
(2)
xx
(σ
(1)
xx )3
jx
)
, (S18)
Rxx =
R+xx +R
−
xx
2
=
1
l
(
1
σ
(1)
xx
)
, (S19)
∆Rxx = R
+
xx −R
−
xx = −
1
l
(
2σ
(2)
xx
(σ
(1)
xx )3
jx
)
. (S20)
In the following, we discuss the microscopic origin of ∆Rxx and UMR.
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SUPPLEMENTAL MATERIAL S7 | MICROSCOPIC ORIGIN OF UMR
Here, we discuss the microscopic origin of σ
(2)
xx in magnetic TI. For simplicity, we first consider the 1D Dirac
dispersion. According to equation (S15) the origin of σ
(2)
xx can be divided into,
i). asymmetry between +k and −k in vx(k)
(
∂2f
∂k2
x
)
,
ii). asymmetry between +k and −k in (τ(k))2.
In completely k-linear Dirac dispersion, the Dirac point and the whole dispersion shift to the kx-direction under
magnetic field and/or magnetization along the y-direction so that vx is unchanged (Fig. S2e). However, in the surface
state of (Bi1−xSbx)2Te3, k
2 term and hexagonal warping (k3 term) actually exist in addition to the k-linear term
[S2]. Therefore, because of the contribution from i), σ
(2)
xx can be finite and is expected to increase as the in-plane
component of magnetization My increases. In reality, as shown in Fig. 3(a) in the main text, ∆Rxx decreases as a
function of the magnetic field (> 1 T). Therefore, the relative contribution from i) seems to be small in the present
case.
Next we discuss the contribution from ii). From the temperature dependence in Fig. 3(a) in the main text, we
already know that UMR is related to magnetism. Therefore, it is natural for us to consider the scattering of electrons
by magnetic excitations, or magnons. Here, we consider the interaction between the surface conduction electron
composed of Bi, Sb and Te p orbital and the localized spin composed of Cr d orbital. When M is pointing along
y direction, the localized spin is pointing in the −y direction. Therefore, the angular momentum of magnon is +1.
Here, by the conservation of angular momentum, the interaction Hamiltonian H′ is written as,
H′ ∝
∑
i
(
c†i,↑ci,↓bi + c
†
i,↓ci,↑b
†
i
)
(S21)
=
∑
k,q
(
c†k+q,↑ck,↓bq + c
†
k−q,↓ck,↑b
†
q
)
. (S22)
Here, b† (b) and c† (c) are a creation (annihilation) operator of magnon and surface Dirac electron, respectively. The
equation (S21) means that the interaction at sites i can have only two types of process. One process is c†i,↑ci,↓bi
meaning that electron spin is changed from ↓ (sy = −
1
2 ) to ↑ (sy =
1
2 ) by the absorption of magnon. This is because
of the conservation of angular momentum; − 12 + (+1) =
1
2 (note that the angular momentum of magnon is +1).
Another process is c†i,↓ci,↑b
†
i meaning that electron spin is reversed from ↑ (sy =
1
2 ) to ↓ (sy = −
1
2 ) by the emission
of magnon (12 − (+1) = −
1
2 ). Because of the spin-momentum locking of TI, the electron absorbs magnon to move
from left branch to right one, while it emits magnon to move from right branch to left one. Here, the related magnon
wavenumber is about 2kF because of the conservation of momentum. These processes are schematically shown in Fig.
S6. Because of such asymmetry in inelastic scattering by magnon, we naively expect asymmetry between +k and −k
in (τ(k))2, which leads to the UMR.
Fig. S6. Schematic pictures of asymmetric scattering of electron by magnon, where EF is at the electron side. The ∆k is
measured from kF (Fermi wavenumber).
SUPPLEMENTAL MATERIAL S8 | CALCULATION OF UMR IN 1D DIRAC DISPERSION
In the following, we derive the formula for ∆Rxx in 1D Dirac dispersion for the qualitative understanding of the
magnon scattering process. There are many sources of scattering in crystal such as impurity, phonon, electron-electron
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scattering. We assume that magnon scattering and these processes are completely independent of each other, then
the relaxation time is written as
1
τ
=
1
τ (0)
+
1
τmag
. (S23)
Here, τ (0) is nonmagnetic scattering and τmag is scattering by magnon. Since the impurity scattering is dominant,
τ (0) ≪ τmag hold true in this case. Therefore, to the first order approximation, the relaxation time is expressed as,
τ = τ (0) −
(τ (0))2
τmag
. (S24)
By substituting this to equation (S15), we obtain
σ(2)xx = −
e3
~2
∫
dk
4π3
(τ(k))
2
vx(k)
(
∂2f
∂kx
2
)
(S25)
= −
e3
~2
∫
dk
4π3
(
(τ (0))2 −
2(τ (0))3
τmag(k)
)
vx(k)
(
∂2f
∂kx
2
)
(S26)
=
2(τ (0))3e3
~2
∫
dk
4π3
1
τmag(k)
vx(k)
(
∂2f
∂kx
2
)
. (S27)
Here, τmag can be expressed as
1
τmag(k)
=
∫
dk′
(2π)3
Wmag(k
′|k)(1− g(k′)), (S28)
Wmag(k
′|k) =Wabs(k
′, σ′;n−k+k′ − 1|k, σ;n−k+k′) (S29)
+Wemit(k
′, σ′;nk−k′ + 1|k, σ;nk−k′). (S30)
Here, Wabs and Wemit are scattering probability for the magnon absorption and emission process and 1− g(k
′) is the
probability that the final destination of electron is unoccupied. k, σ represent the electron wavenumber and spin, nk
corresponds to the number of magnon, respectively. Here, scattering probability is represented as,
Wabs(k
′, σ′;n−k+k′ − 1|k, σ;n−k+k′) =
2π
~
|〈k′, σ′;n−k+k′ − 1|H
′|k, σ;n−k+k′〉|
2δ(ǫk′ − ǫk − ~ω−k+k′) (S31)
=
2π
~
n−k+k′ |〈σ
′|c†↑c↓|σ〉|
2δ(ǫk′ − ǫk − ~ω−k+k′). (S32)
Wemit(k
′, σ′;nk−k′ + 1|k, σ;nk−k′) =
2π
~
|〈k′, σ′;nk−k′ + 1|H
′|k, σ;nk−k′〉|
2δ(ǫk′ − ǫk + ~ωk−k′) (S33)
=
2π
~
(nk−k′ + 1)|〈σ
′|c†↓c↑|σ〉|
2δ(ǫk′ − ǫk + ~ωk−k′), (S34)
Using equation (S28), we calculate τ+mag, scattering of the electron from the left branch (displaced from kF by ∆k)
to the right branch,
1
τ+mag(∆k)
∝
1
eβ~ω − 1
(
1−
1
eβ(~ω+~vF∆k) + 1
)
. (S35)
Here, ~ω is an energy of magnon with 2kF wavenumber. The first factor is the Bose factor corresponding to magnon
population and the second factor the probability that the final destination is unoccupied. In a similar way, the
relaxation time from right to left is expressed as,
1
τ−mag(∆k)
∝
(
1
eβ~ω − 1
+ 1
)(
1−
1
eβ(−~ω+~vF∆k) + 1
)
. (S36)
Using these and equation (S27), we finally obtain the expression for nonlinear conduction in 1D Dirac dispersion,
σ(2)xx ∝ (τ
(0))3
∫
d∆k
(
1
τ+mag(∆k)
−
1
τ−mag(∆k)
)(
∂2f
∂kx
2 (∆k)
)
. (S37)
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Since E = vFkx, in 1D Dirac dispersion,
∂2f
∂kx
2 = v
2
F
∂2f
∂E2
. (S38)
Also, using equation (S11) we obtain,
σ(1)xx ∝ τ
(0). (S39)
Therefore, from equation (S20) we get the expression for UMR in 1D Dirac dispersion,
∆Rxx ∝ jx
∫
d∆k
(
−
1
τ+mag(∆k)
+
1
τ−mag(∆k)
)(
∂2f
∂E2
(∆k)
)
, (S40)
which is the equation (2) in the main text.
In Fig. S7, we show the calculation result of equation (S40). We can see that 1/τ−mag and 1/τ
+
mag show clear deviation.
The important point is that when ∆k is positive, 1/τ−mag > 1/τ
+
mag and when it is negative, 1/τ
−
mag < 1/τ
+
mag. Similarly,
∂2f/∂E2 also changes its sign depending on the sign of ∆k. Therefore, the integrand of equation (S40) is positive for
all ∆k so that we get finite ∆Rxx.
We can derive exactly the same formula (S40) for the hole side in the case when EF position is at the hole side
(Fig. S7). Therefore, ∆Rxx gives the same sign for the electron and the hole side. Note that the above treatment
of magnetic excitation is based on the spin wave approximation and hence that the theory is only applicable at low
enough temperatures as compared with TC [S1, S3]. Nevertheless, ∆Rxx is expected to diminish around and above
TC with vanishing M , in accord with the experimental result (Fig. 3(c) in the main text).
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Fig. S8. Schematic pictures of asymmetric scattering at the hole side.
SUPPLEMENTAL MATERIAL S9 | CALCULATION OF UMR IN 2D DIRAC DISPERSION
Here, we expand the calculation of UMR in the 1D case to the 2D case. For simplicity, here we consider the linear
dispersion again. The important difference from the 1D case is that the direction of spin is not fixed to the y-direction.
We consider the scattering from the position α to θ as shown in Fig. S9. Here, spin eigenfunction at α is,
|α〉 = sin
α
2
| ↑〉+ cos
α
2
| ↓〉. (S41)
Hence, the factors in equations (S34) and (S32) are expressed as,
|〈θ|c†↑c↓|α〉|
2 = cos2
α
2
× sin2
θ
2
, (S42)
|〈θ|c†↓c↑|α〉|
2 = sin2
α
2
× cos2
θ
2
. (S43)
2k
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Fig. S9. Top view of the magnon scattering in 2D Dirac dispersion.
Therefore, when we define the integrand of equation (S28) as Vmag,
Vmag(θ, α,∆k) = cos
2 α
2
sin2
θ
2
V +mag(α, θ,∆k) + sin
2 α
2
cos2
θ
2
V −mag(α, θ,∆k), (S44)
V +mag(θ, α,∆k) ∝
1
eβ~ω − 1
(
1−
1
eβ(~ω+~vF∆k) + 1
)
, (S45)
V −mag(θ, α,∆k) ∝
(
1
eβ~ω − 1
+ 1
)(
1−
1
eβ(−~ω+~vF∆k) + 1
)
. (S46)
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Here, ~ω corresponds to the magnon energy with 2kF sin(θ − α) wavenumber. Using equation (S28), we get
1
τmag(α,∆k)
=
∫
dk′
(2π)3
Vmag(θ, α,∆k) (S47)
=
∫
dk′
(2π)3
∫
dθk′Vmag(θ, α,∆k) (S48)
=
kF
(2π)3
∫
dθVmag(θ, α,∆k). (S49)
As for vx(k),
vx(α,∆k) = vF cosα. (S50)
As for ∂
2f
∂kx2
,
∂2f
∂kx
2 (α,∆k) =
β~vF
kF
(
−P
(P + 1)2
)
sin2 α+ (β~vF)
2
(
P (P − 1)
(P + 1)3
)
cos2 α (S51)
≃ (β~vF)
2
(
P (P − 1)
(P + 1)3
)
cos2 α, (S52)
P = eβ~vF∆k. (S53)
Here, in equation (S52), we can ignore the first term since β~vFkF ≫ 1 except for the immediate vicinity of the Dirac
point. Summarizing these, we can calculate σ
(2)
xx from equation (S27);
σ(2)xx ∝ (τ
(0))3kF
∫
dk
∫
dθ
[
Vmag(θ, α,∆k)
(
∂2f
∂kx
2
)
vF cosα
]
(S54)
= (τ (0))3kF
2
∫
d∆k
∫
dα
∫
dθ
[
Vmag(θ, α,∆k)
(
∂2f
∂kx
2
)
vF cosα
]
. (S55)
Here, we ignored the anisotropy of τ (0). Also, using equation (S11) we obtain,
σ(1)xx ∝ τ
(0)kF. (S56)
Therefore, from equation (S20) we finally obtain the expression for the UMR of 2D Dirac dispersion,
∆Rxx ∝ −
jx
kF
∫
d∆k
∫
dα
∫
dθ
[
Vmag(θ, α,∆k)
(
∂2f
∂kx
2
)
vF cosα
]
. (S57)
In this expression, we can exclude the contribution from τ (0) and hence discuss the temperature dependence and VG
dependence of UMR of magnon origin. The calculation results in Fig. 3(d) in the main text are obtained by the
numerical calculation of equation (S57) assuming the simple circle Fermi surface of the Dirac cone.
SUPPLEMENTAL MATERIAL S10 | ORIGIN OF DEVIATION BETWEEN THE NUMERICAL
CALCULATIONS AND THE EXPERIMENTAL RESULTS IN FIG. 3
Although the experimental results and numerical calculations give qualitative consistency, there is still quantitative
deviation between them. The followings are the main causes of the deviation.
1. Relaxation time approximation
To calculate the scattering term at the right-hand side of Boltzmann equation (S6) in the Supplemental Material
S5, we used the relaxation time approximation so that(
dg(k)
dt
)
coll
= −
g(k)− g0(k)
τ(k)
. (S58)
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For a more serious calculation, it should be replaced by(
dg(k)
dt
)
coll
= −
∫
dk′
(2π)3
[W (k|k′)g(k)(1− g(k′))−W (k′|k)g(k′)(1 − g(k))], (S59)
whereW (k′|k) is the scattering probability from k to k′ [1]. Since it is very difficult to carry out the calculation
with equation (S59), we use relaxation time approximation in numerical calculation.
2. Spin wave approximation
Spin wave approximation is used in Supplemental Material S7 and S8 [3]. As mentioned in Supplemental
Material S8, magnetic excitation is well-defined only at sufficiently low temperature than TC, therefore the
theoretical calculation shows deviation at high temperatures.
3. Simplified band dispersion
For the sake of simplicity, we assumed a linear Dirac band dispersion. In fact, k2 term and hexagonal warping
(k3 term) actually exist in the band dispersion in addition to the k-linear term [2]. Although the linear Dirac
band captures the essence of UMR, this also results in the deviation in the theoretical calculation.
4. Estimation of the spin wave gap
We put Zeeman term (gµBB) as a gap energy of magnon in the calculation. Since magnons with finite wavenum-
ber is the source of scattering, we should take into account the band dispersion of magnon. To derive the band
dispersion of magnon, however, it is necessary to estimate of the magnitude of the exchange interaction J , as
well as to take into account the dipole-dipole interaction, which makes the calculation more complicated. Hence,
as a first step, we considered only the Zeeman term this time.
There is deviation between in the experimental results and the theoretical calculations because of some simplifica-
tions and approximations as described above. The essence of UMR is, however, captured by the theoretical formula;
the change of the energy scale (peak position of ∆Rxx) as a function of the magnetic field is well-reproduced in Fig.
3 in the main text. Improvement of the theoretical calculation without those simplifications and approximations
remains as a future issue.
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